Abstract. We discuss the necessary and su‰cient conditions for the existence of Lorentzian stationary surfaces in 4-dimensional space forms of index 2, and isometric stationary deformations preserving normal curvature.
Introduction
Let N n p ðcÞ denote the n-dimensional semi-Riemannian space form of constant curvature c and index p. Namely, it is the n-dimensional semi-Euclidean space R n p of index p, the n-dimensional pseudo-sphere S For a minimal surface in N 4 ðcÞ, the Gaussian curvature Kða cÞ and the normal curvature K n satisfy ðK À cÞ 2 À K 2 n b 0, where the equality holds at isotropic points. In [12] Tribuzy and Guadalupe give the necessary and su‰cient conditions for the existence of minimal surfaces in N 4 ðcÞ in terms of the metric and the normal curvature, and discuss isometric minimal deformations preserving normal curvature. Also, for a spacelike maximal surface in N 4 2 ðcÞ, Kðb cÞ and K n satisfy ðK À cÞ 2 À K 2 n b 0, where the equality holds at isotropic points. In a previous paper [7] , we give the necessary and su‰cient conditions for the existence of spacelike maximal surfaces in N 
(ii) Let M be a 2-dimensional simply connected Lorentzian manifold with Gaussian curvature K and Laplacian D. If K n is a function on M satisfying ðK À cÞ 2 À K 
ðcÞ is an arbitrary isometric stationary immersion with the same normal curvature K n , then there exists y A R such thatf f coincides with f y or f y up to congruence.
Remark. The theorems and their proof imply that Lorentzian stationary surfaces in N 2 ðcÞ (cf. [12] and [7] ), except for the existence of two kinds of isometric stationary deformations preserving normal curvature. But, in the case where ðK À cÞ 2 À K 2 n a 0, we do not know how is a Lorentzian stationary surface in N 4 2 ðcÞ determined by the metric and the normal curvature. As will be noted in the last section, the crucial di¤erent point is that a certain symmetric linear transformation of the normal bundle can be diagonalized or not.
The study of Lorentzian stationary surfaces in N 4 2 ðcÞ may be seen as a special case of that of real parak€ a ahler submanifolds in N n p ðcÞ, namely, isometric immersions of parak€ a ahler manifolds into N n p ðcÞ, in particular, in the case of zero mean curvature. The results in this paper suggest that the geometry of real parak€ a ahler submanifolds may be quite di¤erent from that of real K€ a ahler submanifolds (cf. [4] , [3] , [2] and their references).
Preliminaries
In this section, we recall the method of moving frames for Lorentzian surfaces in N 
The connection forms fo A B g are defined by
The structure equations are given by
where e 1 ¼ e 3 ¼ 1 and e 2 ¼ e 4 ¼ À1.
Let M be a Lorentzian surface in N 4 2 ðcÞ. We choose the frame fe A g so that fe i g are tangent to M. Then o a ¼ 0 on M. In the following our argument will be restricted to M. By (3),
So there is a symmetric tensor fh
where h a ij are the components of the second fundamental form h of M. The Gaussian curvature K and the normal curvature K n of M are given by
Then by (4), (5) and (6), we have
and K n ¼ h 
The mean curvature vector H of M is defined by
We say that M is stationary if H ¼ 0 on M.
In the following we assume that M is stationary. Then by (8) and (9),
and
We can see that 
Some Examples
In this section, we give some examples of Lorentzian stationary surfaces in N 4 2 ðcÞ.
Example 3.1. Let fx 1 ; x 2 ; x 3 ; x 4 g be the standard coordinate system for R 4 2 with metric
Let J be the paracomplex structure on R 4 2 given by
Then ðJ; ds 2 Þ is a flat parak€ a ahler structure on R 
ðk sinh v; k cosh v; 0; ÀQÞ:
Then fe A g is an orthonormal frame field along M with signature ðþ; À; þ; ÀÞ, and fe i g are tangent to M. The components of the second fundamental form h are given by
Thus M is stationary if and only if
Multiplying by 2Q 0 and integrating, we may obtain
If c 1 k > 1, then 
By (10) and (11),
Using (3), (4), (5) and (13), we have
Using the notation like
we get
Similarly, from the exterior derivatives of o 
Using (14) we can see that 
Here Ã is the Lorentzian Hodge star operator on M given by Ão 1 ¼ o 2 and
By ð19Þ Â ðÀsÞ þ ð20Þ Â ðÀtÞ þ ð21Þ Â u þ ð22Þ Â v and ð19Þ Â v þ ð20Þ Â u þ ð21Þ Â ðÀtÞ þ ð22Þ Â ðÀsÞ, together with (14), we can get
By (12) we have
Using (14) we can compute that
By (23), (24), (25), (26) and (27), we can get
The Laplacian D on M is given by
for a smooth function f on M. By the exterior derivative of (28) and (29), together with (7), we may obtain
By ( We may assume that M is a small neighborhood. Let ds 2 be the induced metric on M. By (1)þ (2) we have
which implies that the metric
is flat. So there exists a coordinate system fx 1 ; x 2 g such that
so that fo i g is an orthonormal coframe field dual to fe i g. By
we can find that the connection form o
As ðK À cÞ 2 À K 2 n > 0 and K > c, there exist smooth functions t and u so that
In fact, letting
we have ðt; uÞ ¼ Gðq; rÞ, or ðt; uÞ ¼ Gðr; qÞ. Let E be a 2-plane bundle over M with metric h ; i and orthonormal sections fe 3 ; e 4 g of signature ðþ; ÀÞ. Let h be a symmetric section of HomðTM Â TM; EÞ such that
We define a compatible connection ? ' of E so that where
Now, almost reversing the argument in (i) for s ¼ v ¼ 0, we can see that fo A B g satisfy the structure equations: 
